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This two-part contribution presents a beam theory (BT) with a non-uniform warping (NUW) including the eﬀects of
torsion, and shear forces and valid for any homogeneous cross-section made of isotropic elastic material. In part I, the
governing equations of the NUW-BT has been established and simpliﬁed-NUW-BT versions has been deduced, wherein
the number of degrees of freedom is reduced. In this part II, these theories are used to analyze, for a representative set of
cross-sections (CS) (solid-CS and thin-walled open/closed-CS, bi-symmetric or not), the elastic behavior of cantilever
beams subjected to torsion or shear-bending. For bi-symmetrical-CS, torsion and shear-bending are analyzed separately:
analytical and numerical results are given for the distributions along the beam axis of the cross-sectional displacements and
stresses, for the NUW-BT and its simpliﬁed versions. Numerical results are also given for the three-dimensional stress dis-
tributions close to the embedded section: the stress predictions of the NUW-BT are compared to those obtained by three-
dimensional ﬁnite elements computations. It can be drawn from all these results indications that can help to decide when
the simpliﬁed theories may be applied, and hence when the warping parameters may be reduced. As speciﬁed in NUW-BT,
torsion and bending are coupled for non-symmetrical-CS, even if the bending moments refer to the centroid while the
torsional moment refers to the shear center. To illustrate this coupling eﬀect, the particular example of the channel-CS
presented in Kim and Kim [Kim, N.-I., Kim, M.-Y., 2005. Exact dynamic/static stiﬀness matrices of non-symmetric
thin-walled beams considering coupled shear deformation eﬀects. Thin-Walled Structures 43, 701–734.] is analyzed and
the results are compared.
 2007 Elsevier Ltd. All rights reserved.
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The non-uniform warping theory, established in part I (El Fatmi, 2007) of this work and denoted by NUW-
BT, is based on a warping model using three independent warping parameters associated to the three Saint
Venant warping functions corresponding to torsion and shear forces. This theory is then free from the classical0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.02.005
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elastic isotropic material. Neglecting some terms of the strain energy related to the warping, simpliﬁed versions
of the NUW-BT have been deduced. In these simpliﬁed theories, the number of degrees of freedom is reduced
since the torsional warping parameter is taken as the rate of the twisting angle or/and the shear warping
parameters are taken as the corresponding classical shear strains.
To illustrate the NUW-BT, this part II is devoted to analytical and numerical analyzes of cantilever beams
made of diﬀerent kinds of cross-sections (CS) (solid-CS, thin-walled open/closed-CS, symmetric or not) and
subjected to torsion or shear-bending. For bi-symmetrical-CS, numerical results are given for the distributions
along the beam axis of cross-sectional displacements and stresses. Results are also given for the three-dimen-
sional stress distributions close to the embedded section: the stress predictions of the NUW-BT are compared
to those obtained by three-dimensional ﬁnite elements (3D-FEM) computations.
For non-symmetrical-CS, we consider the torsion of a cantilever beam made of the channel-CS studied by
Kim and Kim (2005). This torsion induces not only a twisting but also a transversal displacement of the beam.
This illustrative example of the torsional–ﬂexural coupling is computed and the results are compared with
those of Kim and Kim.
The numerical applications of the NUW-BT need, for a given cross-section, to ﬁrst compute all its charac-
teristics: the cross-sectional constants, the Saint Venant warping functions and the Saint Venant shears. This is
achieved using the software tool designated by SECOPE which is available within the ﬁnite elements code
CASTEM (Le Fichoux, 1998). SECOPE has been developed conforming to the numerical method proposed
by El Fatmi and Zenzri (2004) for the computation of the Saint Venant solution. A quick description of this
numerical method will be presented.
The analytical and numerical analyzes are limited (but detailed) to a cantilever beam, because it really con-
stitutes a signiﬁcant test to appreciate the mechanical quality of a non-uniform warping theory. However,
other examples of loading and boundary conditions are presented in Appendix A; for these ones the closed
solutions for the one-dimensional structural behavior (displacements and warpings) are given.
In this paper, for convenience, the ﬁrst section recalls the main NUW-BT results needed for the develop-
ments presented in this part II. It should be noted that all the symbols used in this paper are those speciﬁed in
the beginning of part I.2. Non-uniform warping theory
2.1. Structural behavior
NUW-BT is based on a displacement model parametrized by the cross-sectional displacement (v,h) and
three independent warping parameters (gx,gy,gz) associated to the three Saint Venant warping functions
(wx,wy,wz) corresponding to torsion and shear forces, respectively:nðv; h; gÞ ¼ vðxÞ þ hxðxÞx ^ X þ ðhyðxÞyþ hzðxÞzÞ ^ X þ ðgxðxÞwxðXÞ þ gyðxÞwyðXÞ þ gzðxÞwzðXÞÞx ð1Þwhere (x,y,z) are the unit axial and inertia vectors, X = (0,y,z) is the in-section vector referring to the centroid
G and X ¼ ð0; y yc; z zcÞ is the in-section vector referring to shear center C, with (yc,zc) the coordinates of
C. This displacement leads to the classical cross-sectional stresses (R,M), the bimoment vector Mw and the
secondary internal force vector Ms; their components are denoted by:R ¼
N
T y
T z
264
375; M ¼ M
x
My
Mz
264
375; Mw ¼ M
x
w
Myw
Mzw
264
375; M s ¼ M
x
s
T ys
T zs
264
375 ð2Þwhere the torsional moment Mx refers to the shear center C while the bending moments (My,Mz) refer to the
centroid G. For a beam Fig. 1 subjected to a body force f and surface density forces F on its lateral surface Slat
and H (i.e. H0 or HL) on its end section, the equilibrium equations are given by
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Fig. 1. 3D and 1D reference problem for the NUW-BT.
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M 0 þ x ^ Rþ l ¼ 0 ð4Þ
M 0w M s þ q ¼ 0 ð5Þwhere ((.) 0 expresses the derivative with respect to x). The one-dimensional external density forces (p,l,q) are
deﬁned byp ¼ RS f dSþ R@S F d@S
l ¼ RSððy ycÞf z  ðz zcÞf y ;zf x; yf xÞdSþ R@S ðy ycÞF z  ðz zcÞF y ;zF x; yF xð Þd@S
q ¼ RSðf xwx; f xwy ; f xwzÞdSþ R@SðF xwx; F xwy ; F xwzÞd@S
9>=>; ð6Þ
The external extremity actions F ðHÞ ¼ fP; C ; Qg associated to the external surface force densities H are
deﬁned byP ¼ RS H dS
C ¼ RSððy ycÞHz  ðz zcÞHy ;zHx; yHxÞdS
Q ¼ RSðHxwx;Hxwy ;HxwzÞdS
9>=>; ð7Þ
The constitutive relations are given by two uncoupled relationships:N
My
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2666666664
3777777775
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ð8Þ
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¼ G
Ix zcA ycA J Ix zcA ycA
A 0 zcA Ay  A 0
A ycA 0 Az  A
Ix  J zcA ycA
A Ay 0
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3777777775
sym

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ð9Þwhere (c = v 0 + x ^ h,v = h 0) are the cross-sectional strains, where A is the area, (Ay = kyA,Az = kzA) the re-
duced areas with (ky,kz) the shear coeﬃcients, (Iy, Iz) the moments of inertia, Ix ¼ Iy þ I z þ Aðy2c þ z2cÞ, J the
torsional constant, I ijw ¼ hwiwji with (i, j) 2 {x,y,z} the warping constants and where []sym indicates that the
matrix is symmetric. Introducing the primary internal vector Mp ¼ ðMxp; T yp; T zpÞ deﬁned by M +Ms, one
can deduce from Eq. (9) the constitutive relationsMxp ¼ GJvx; T yp ¼ GAycy ; T zp ¼ GAzcz ð10Þ
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Simpliﬁed versions of the NUW-BT may be deduced if one or more of the terms Mxsðgx  vxÞ, T ysðgy  cyÞ
and T zsðgz  czÞ are neglected in the internal work, which means that gx  vx, gy  cy and gz  cz, respectively.
These assumptions related to warping, which are called the His-hypotheses, i 2 {x, y, z}, lead to simpliﬁed ver-
sions of the NUW-BT where the rate of the twisting angle vx and the shear strains (cy,cz) are taken instead of
the warping parameters gx and (gy,gz), respectively. For the simpliﬁed-NUW-BT, wherein the three hypoth-
eses Hxs , H
y
s and H
z
s are simultaneously considered, the constitutive relations reduce to:N ¼ EAcx
My ¼ EIyvy
Mz ¼ EIzvz
;
eMxweMyweMzw
2664
3775 ¼ ½Iw
v0x
c0y
c0z
264
375;
eT yp ¼ GAycyeT zp ¼ GAzczeMxp ¼ GJvx
9>>=>; ð11Þwhere [Iw] is the warping matrix and the supperscript fðÞ used to specify that the quantity (Æ) refers to the sim-
pliﬁed-NUW-BT.
2.3. Three-dimensional stresses
For bi-symmetrical-CS, the non-symmetry constants ðyc; zc; Ixyw ; Ixzw ; Iyzw Þ vanish and the expressions of the
axial stress and the shear are given by:rnumxx ¼
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ð13Þsx, sy and sz are the Saint Venant shear corresponding to torsion and shear forces, respectively; (rsvxx; s
sv) are the
expressions of the classical Saint Venant stresses.
For the simpliﬁed-NUW-BT, the stresses can be evaluated by the same relations but with fM w and a sec-
ondary internal vector fM s deduced from the third equation (Eq. (5)) of the equilibrium.
For the following rnumxx and s
num will be simply denoted by rxx, s.
2.4. Shear at the edge
Consider a beam free of loading on its lateral surface. The expression Eq. (13) of the shear is constructed
with the Saint Venant shears (sx,sy,sz) and supplementary terms (x ^ X), (y) and (z) associated to Ms, T ys and
T zs, respectively. Saint Venant shears naturally vanish at the free edge of the cross-section but the supplemen-
tary terms violates the ‘‘no shear’’ boundary conditions at the edge. Thus, a part of the contribution of the
secondary internal forces is not really satisfying; nevertheless, Eq. (13) will be used, in the numerical applica-
tions, to estimate the order of magnitude of the shear.
3. Analytical analyzes of torsion and shear-bending of a cantilever beam
Let us consider a cantilever beam of length L, embedded at S0 and subjected to a surface force densities H
acting on SL. Two cases of loading will be considered:
• H1, such asF ðH1Þ ¼ f0;Cx; 0g; this case corresponds to a torsion of the beamwith a tip torsional momentC.
• H2, such as F ðH2Þ ¼ fPy; 0; 0g; this case corresponds to a shear-bending of the beam with a tip transversal
force P.
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Fig. 2. Torsion or/and shear-bending of cantilever beams.
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coupling due to the non-symmetry of the cross-section. Then, for a bi-symmetrical cross-section, torsion and
shear-bending (Fig. 2b and c) are studied separately; for each case, the analytical solutions of the NUW-BT
and the corresponding simpliﬁed-NUW-BT will be compared. Before these analyzes, it is useful, for the fol-
lowing, to record the Saint Venant beam theory (SV-BT) results for these loadings:
• for the torsion, the rotation is x-linear, there is no axial stresses and the shear is x-constant and given by
ssv = sx. The rotation of the end section, denoted by hsvL , is given by:hsvL ¼
CL
GJ
ð14Þ• for the shear-bending, the transversal displacement is x-cubic, the axial stresses due to the bending is (x,y)-
linear and the shear is x-constant and given by ssv = sy. The deﬂection of the end section, denoted by vsvL ,
can be written as:vsvL ¼
PL3
3EIz|ﬄ{zﬄ}
vBL
þ PL
GAky
ð15Þwhere vBL corresponds to the deﬂection associated to Bernoulli-BT. It should be noted that, in Timoshenko-
BT, the deﬂection has the same expression (Eq. (15)), but with ky a correction factor and not the shear factor
that naturally appears in SV-BT.
3.1. Torsion of a mono-symmetrical cross-section
For the channel-CS (Fig. 2a), yc and the warping constant I
xz
w are diﬀerent from zero. The equations cor-
responding to this equilibrium problem are:Equilibrium Behavior
T 0z ¼ 0 Mxw ¼ EIxxw g0x þ EIxzw g0z
M 0y  T z ¼ 0 Mzw ¼ EIxzw g0x þ EIzzwg0z
M 0x ¼ 0 Mx ¼ GIxvx  ycGAcz  GðIx  JÞgx þ ycGAgz
Mxw
0 Mxs ¼ 0 T z ¼ ycGAvx þ GAcz þ ycGAgx  GðA AzÞgz
Mzw
0  T zs ¼ 0 Mxs ¼ GðIx  JÞvx þ ycGAcz þ GðIx  JÞgx  ycGAgz
T sz ¼ ycGAvx  GðA AzÞcz  ycGAgx þ GðA AzÞgz
9>>>>>>=>>>>>>;
ð16Þwith cz ¼ v0z þ hy . One can deduce from these equations that (gx,vx,gz,cz) are governed by these two following
coupled equations:EIxxw g
00
x þ EIxzw g00z  GJv0x ¼ C
EIxzw g
00
x þ EIzzwg00z  GAzc0z ¼ 0
)
ð17Þ
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coupling warping constant Ixzw . Thus, this (pure) torsion of the beam will induce not only a twisting but also a
transversal displacement vz. This case, conforming to the particular example treated by Kim and Kim (2005),
will be numerically computed in Section 4.4.
3.2. Torsion of a bi-symmetrical cross-section
Consider the torsion of the beam with a bi-symmetrical-CS (Fig. 2b).
3.2.1. NUW-BT
The equations are:Equilibrium Behavior Boundary conditions
Mx0 ¼ 0 Mxw ¼ EIxwg0x x ¼ 0 : hx ¼ gx ¼ 0
ðMxwÞ0 Mxs ¼ 0 Msx ¼ GðIx  JÞðvx  gxÞ x ¼ L : Mx ¼ C;Mxw ¼ 0
9>=>; ð18Þ
Eq. (18) implies that (vx,gx) are governed by similar equations:EIxw IxIxJ g00x þ GJgx ¼ C
EIxw IxIxJ v00 þ GJvx ¼ C
)
ð19ÞLet us introduce the scalar Kx deﬁned by Kx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GJ
EIxx
w
IxJ
Ix
q
. The solution for the torsion is given by:  9hx ¼ CGJ xþ IxJIx 1Kx
sinhðKxðLxÞÞ
coshðKxLÞ  tanhðKxLÞ
gx ¼ CGJ 1 coshðK
xðLxÞÞ
coshðKxLÞ
 
MxwðxÞ ¼ C
EIxx
w
GJ K
x sinhðKxðLxÞÞ
coshðKxLÞ
MxsðxÞ ¼ C IxJIx
coshðKxðLxÞÞ
coshðKxLÞ
>>>>=>>>>>;
ð20ÞThe extreme values are:hxðLÞ ¼ CLGJ 1 IxJIx
tanhðKxLÞ
KxL
 
; gxðLÞ ¼ CGJ 1 1coshðKxLÞ
 
Mxwð0Þ ¼ C
EIxx
w
GJ K
x tanhðKxLÞ; Mxsð0Þ ¼ C IxJIx
9=; ð21Þ
and conforming to Eqs. (12) and (13), the stresses are given by:rxx ¼ C EGJ Kx sinhðK
xðLxÞÞ
coshðKxLÞ w
x
s ¼ Csx  C coshðKxðLxÞÞ
coshðKxLÞ s
x  1Ix x ^ X
 
9=; ð22Þ
It is to note that, for x = 0 (in the embedded section), we have:Mxpð0Þ ¼ C
J
Ix
; sjx¼0 ¼ C
1
Ix
ðx ^ XÞ ð23Þ3.2.2. Simpliﬁed-NUW-BT
For the simpliﬁed-NUW-BT corresponding to the torsion, we consider the Hxs-hypothesis ðgx ¼ vx ¼ h0xÞ.
The main equations are now:Equilibrium Behavior Boundary conditions
Mxw
0 Mxp ¼ C Mxw ¼ EIxxw h00x x ¼ 0 : hx ¼ h0x ¼ 0
Mxp ¼ GJh0x x ¼ L : h00x ¼ 0
9>=>; ð24Þ
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For the solution of this (torsion)-simpliﬁed-NUW-BT written hereafter, the secondary torsional moment is
deduced from the equilibrium equation Eq. (5), the stresses are expressed conforming to Eqs. (12) and (13)
and the constant eKx is deﬁned by ﬃﬃﬃﬃﬃﬃGJEIxx
w
q
:ehxðxÞ ¼ CGJ xþ 1eKx sinhðeK xðLxÞÞsinhðeK xLÞcoshðeK xLÞ
  
egxðxÞ ¼ h0xðxÞ ¼ CGJ 1 coshðeKxðLxÞÞ
coshðeKxLÞ
  
eMxw ¼ C EIxxwGJ eKx sinhðeK xðLxÞÞ
coshðeKxLÞeMxs ¼ C coshðeKxðLxÞÞ
coshðeK xLÞ
9>>>>>>>=>>>>>>;
ð26ÞThe extreme values are:ehxðLÞ ¼ CLGJ 1 tanhðeKxLÞeK xL
 
; egxðLÞ ¼ h0xðxÞ ¼ CGJ 1 1
coshðeKxLÞ
  
eMxwð0Þ ¼ C EIxxwGJ eKx tanhðeKxLÞ; eMxsð0Þ ¼ C
9>=>; ð27Þ
The stresses are given by:erxx ¼ C EGJ eKx sinhðeKxðLxÞÞcoshðeKxLÞ wx
es ¼ Csx  C IxIxJ coshðeKxðLxÞÞcoshðeKxLÞ sx  1Ix x ^ X 
9>>=>; ð28Þ
and, for x = 0, we have:eMxpð0Þ ¼ 0; esjx¼0 ¼ C JIx  J sx þ C 1Ix  J ðx ^ XÞ ð29Þ
3.2.3. Comparison
If J Ix, which is really the case for open thin-walled cross-section (see the numerical characteristics in
Table 1), the term ðIx  JÞ=Ix becomes very close to one, and gx becomes very close to vxð¼ h0xÞ:h0x ¼
C
GJ
1þ Ix  J
Ix
coshðKxðL xÞÞ
coshðKxLÞ
 
 C
GJ
1þ coshðK
xðL xÞÞ
coshðKxLÞ
 
¼ gx ð30ÞFurthermore, in that case Kx  eKx, and all the results (displacements, internal forces and stresses) of the
NUW-BT become very close to those of the simpliﬁed-NUW-BT. Thus, for the torsion of open thin-walled
proﬁles, the simpliﬁed-NUW-BT can be applied.
For such proﬁles, if we approximate Ixxw by Ix which is the value of the torsional warping constant for which
wx is approximated by the sectorial area x, hx-equation conforming to Eq. (19) becomesEIxxw
Ix
Ix  J h
000
x þ GJh0x ¼ C  EIxh000x þ GJh0x ¼ C ð31Þwhich recovers the fundamental equation of the classical Vlasov non-uniform torsion of open proﬁles.
3.3. Shear-bending of a bi-symmetrical cross-section
Consider (Fig. 2c) the shear-bending of a beam with a symmetrical cross-section.
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The equations are:Equilibrium Behavior Boundary conditions
T y 0 ¼ 0 Mz ¼ EIzh0z x ¼ 0 : vy ¼ hz ¼ 0; gy ¼ 0
Mz0 þ T y ¼ 0 Myw ¼ EIywg0y x ¼ L : T y ¼ P ;Mz ¼ 0; Myw ¼ 0
ðMywÞ0  T ys ¼ 0 T y ¼ GScy  GðA AyÞgy
T ys ¼ GðA AyÞðgy  cyÞ
9>>>>=>>>;
ð32Þwith cy ¼ v0y  hz. Similarly to the case of torsion, (cy, gy) are governed by analogous equations:
EIyw AAAy g00y þ GAygy ¼ P
EIyw AAAy c00y þ GAycy ¼ P
)
ð33ÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃrIntroducing the scalar Ky deﬁned by Ky ¼ GAyEIyy
w
AAy
A , the solution takes the forms: 	 y  9vy ¼ P6EIz 3Lx2  x3 þ PGAy xþ
AAy
A
1
Ky
sinhðK ðLxÞÞ
coshðKyLÞ  tanhðKyLÞ
gy ¼ PGAy 1
coshðKy ðLxÞÞ
coshðKyLÞ
 
Myw ¼ P
EIyy
w
GAy
Ky sinhðK
y ðLxÞÞ
coshðKyLÞ
T ys ¼ P AAyA coshðK
y ðLxÞÞ
coshðKyLÞ
>>>>=>>>>;
ð34ÞThe extreme values are:vyðLÞ ¼ PL33EIz þ PLGAy 1
AAy
A
tanhðKyLÞ
KyL
 
; gyðLÞ ¼ PGAy 1 1coshðKyLÞ
 
Mywð0Þ ¼ P
EIyy
w
GAy
Ky tanhðKyLÞ; T ysð0Þ ¼ P AAyA
9>=>; ð35Þ
Conforming to Eqs. (12) and (13), the stresses are:rxx ¼ P ðLxÞIz yþ P EGAy Ky
sinhðKy ðLxÞÞ
coshðKyLÞ w
y
s ¼ Psy  P coshðKy ðLxÞÞ
coshðKyLÞ s
y  1A y
 	
9=; ð36Þ
It is to note that, for x = 0, we have,T ypð0Þ ¼ P
Ay
A
; sjx¼0 ¼ P
1
A
y: ð37Þand, for x = L, using the value of the Saint Venant deﬂection (Eq. (15)), vy(L) can be separated into two parts:vyðLÞ ¼ vsvL 
PL
GAy
A Ay
A
tanhðKyLÞ
KyL
ð38Þ3.3.2. Simpliﬁed-NUW-BT
For the shear-bending, we consider the Hys -hypothesis ðgy ¼ cy ¼ v0y  hzÞ. The shear force is constant
Ty = P, the bending moment is Mz = P(L  x) and the other equations are now:Equilibrium Behavior Boundary conditions
Myw0  T yp ¼ P Myw ¼ EIyyw c0y x ¼ 0 : vy ¼ 0; hz ¼ 0; cy ¼ 0
Mxp ¼ GJcy x ¼ L : c0y ¼ 0
9>=>; ð39Þ
This implies that cy must satisfy the equation:EIyyw ec00y þ GAyecy ¼ P ð40Þ
5938 R. El Fatmi / International Journal of Solids and Structures 44 (2007) 5930–5952and, with eKy ¼ ﬃﬃﬃﬃﬃﬃGAyEIyy
w
r
, one can ﬁnd that the solution takes the form:  9evy ¼ P6EIz 3Lx2  x3 	þ PGAy xþ 1eK y sinhðeK y ðLxÞÞcoshðeK yLÞ  tanhðeKyLÞ
egy ¼ ecy ¼ PGAy 1 coshðeK y ðLxÞÞcoshðeK yLÞ
 
eMyw ¼ P EIyywGAy eKy sinhðeK y ðLxÞÞcoshðeK yLÞeT ys ¼ P coshðeK y ðLxÞÞ
coshðeK yLÞ
>>>>>>=>>>>>>;
ð41ÞThe extreme values are:evyðLÞ ¼ PL33EIz þ PLGAy 1 tanhðeK yLÞeK yL
 
; egyðLÞ ¼ PGAy 1 1coshðeK yLÞ
 
eMywð0Þ ¼ P EIyywGAy eKy tanhðeKyðL xÞÞeT ysð0Þ ¼ P
9>>=>>>; ð42Þ
The stresses are given by:erxx ¼ P EGAy eKy sinhðeK y ðLxÞÞcoshðeK yLÞ wy
es ¼ Psy  P AAAy coshðeK y ðLxÞÞcoshðeK yLÞ sy  1A y 	
9>=>; ð43Þ
For x = 0, we have:eT ypð0Þ ¼ 0; esjx¼0 ¼ P AyA Ay sy þ P 1A Ay y ð44Þ
and, for x = L, using the value of the Saint Venant deﬂection (Eq. (15)), evyðLÞ can be separated into two
parts:evyðLÞ ¼ vsvL  PLGAy tanhðeK
yLÞeKyL ð45Þ3.3.3. Comparison
The equations are very similar to those of torsion, and we must have Ay  A (or a shear coeﬃcient ky  1)
to make the results of the simpliﬁed NUW-BT close to those of the NUW-BT. However, this is more diﬃcult
to realize since Ay and A are generally of the same order of magnitude (see the numerical characteristics in
Table 1). Thus, a priori, the results of this simpliﬁed-NUW-BT may not be acceptable.
4. Numerical applications
4.1. Computation of the Saint Venant cross-sectional characteristics
For the numerical applications, NUW-BT needs to previously know all the Saint Venant cross-sectional
characteristics: in particular, the cross-sectional constants (A,Ay,Az, Iy, Iz,J,yc,zc), the warping functions
(wx,wy,wz) and the Saint Venant shears (sx,sy,sz) corresponding to the torsion and the shear forces. This is
done conforming to the numerical method developed by El Fatmi and Zenzri (2002, 2004) that computes
cross-sectional operators (CSO) that contain all these characteristics. These CSO, are used in part-I to express
Saint Venant results within the frame work of the exact beam theory of Ladeve`ze and Simmonds (1998).
This method is based on a mathematical characterization of the CSO showing that they can be fully deter-
mined by the minimization of six functionals derived from the potential energies associated to six elasticity
Table 1
Cross-sectional constants for the sections S1, S2, S3, S4 and S5 deﬁned in Fig. 3
S1 S2 S3 S4 S5
A (·h2) 0.50000 0.14000 0.09500 0.12000 0.07250
Iy (·h4) 1.04167 · 102 5.61667 · 103 1.05104 · 103 5.35000 · 103 5.30729 · 104
Iz (·h4) 4.16667 · 102 1.73667 · 102 1.43292 · 102 1.20979 · 102 7.67243 · 103
J (·h4) 2.85860 · 102 1.35473 · 102 8.05625E-05 9.97755 · 105 6.04633 · 105
yc (·h) 0. 0. 0. 0.84113 0.31632
Ix (·h4) 5.20833 · 102 2.29833 · 102 1.53802 · 102 0.10235 1.54575 · 102
ky 0.83334 0.63607 0.48236 0.70687 0.58302
kz 0.83337 0.22440 0.46079 0.08791 0.30787
Ixxw (·h
6) 3.17561 · 104 7.98789 · 105 2.33903 · 104 4.97621 · 104 3.24704 · 106
Iyyw (·h
4) 4.96069 · 104 4.76367 · 105 2.27869 · 105 1.16821 · 104 8.87112 · 105
Izzw (·h
4) 1.24158 · 104 2.74625 · 104 1.97207 · 105 5.29338 · 104 1.52067 · 105
Ixzw (·h
5) 0. 0. 0. 4.98723 · 104 4.82736 · 106
IxJ
Ix
0.4511 0.4106 0.9948 0.9990 0.9961
Kx (·h1) 4.5062 5.9004 0.4139 0.3165 3.0453eKx (·h1) 6.7089 9.2086 0.4150 0.3166 3.0513
AAy
A 0.1667 0.3639 0.5176 0.2931 0.4170
Ky (·h1) 8.3662 18.4433 22.8141 10.3161 9.9670eKy (·h1) 20.4932 30.5725 31.7095 19.0539 15.4350
AAz
A 0.1666 0.7756 0.5392 0.9121 0.6921
Kz (·h1) 16.7216 6.6605 24.4634 3.0148 22.5379eKz (·h1) 40.9639 7.5629 33.3148 3.1567 27.0807
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ing is taken such as the exact solution coincides with that of Saint Venant. These problems may be solved with
two or three-dimensional ﬁnite elements methods (2D-FEM or 3D-FEM). It is worth to note that, in each
case, the stiﬀness matrix is the same for the six problems and only the loading changes.
The 2D-FEM described in (El Fatmi and Zenzri, 2002) is very economic since only the cross-section has
to be discretized. However, the method is not suited to an immediate use of standard ﬁnite elements elas-
ticity codes, since the obtained rigidity matrix is diﬀerent from that of usual elasticity problems (such as
plane stress or plane strain). Its implementation within available codes needs the introduction of a new ﬁnite
element model. Such work can be avoided by using the 3D-FEM proposed in (El Fatmi and Zenzri, 2004).
This second method consists in solving the six problems on a longitudinal slice of beam. The computation is
immediate when using standard three-dimensional elasticity codes that aﬀord the quadratic 15-nodes trian-
gular prism element or the 20-nodes rectangular prism element. The cross-section has to be discretized as
necessary but only one element is required in the longitudinal direction of the beam. Thus the cost remains
economic.
This numerical 3D-FEM has been implemented as a tool called SECOPE (SECtion OPErators) within the
ﬁnite element code CASTEM (Le Fichoux, 1998). To illustrate the eﬃciency and the accuracy of the exact
beam theory and its associated numerical method for the study of arbitrary elastic cross-section, numerous
results are presented in (El Fatmi and Zenzri, 2002, 2004) on structural behavior of beams, 3D displacements
(in-plane and out-plane) and 3D stresses (normal and shear), for a large representative set of cross-sections.
4.2. Cross-sections and characteristics
Consider the representative set of cross-sections denoted by S1, S2, S3, S4 and S5 depicted in Fig. 3. The
dimensional characteristics of these cross-sections are parametrized by h and the thickness for S2, S3, S4
and S5 is t ¼ h20. For all the cross-sections the mechanical constants are E = 200 GPa and m = 0. For each
cross-section, the CSO have been computed by the numerical tool SECOPE presented above. The warping
functions (wx,wy,wz) are given in Fig. 4 and the cross-sectional constants are given in Table 1.
hS1 S2 S3 S4 S5
y
t
y
h/2h/2
h
t t
y y
h/2 h/2
t
h/2
y
Fig. 3. Geometrical characteristics of the cross-sections S1, S2, S3, S4 and S5.
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S 3
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Fig. 4. Warping functions of the cross-sections S1, S2, S3, S4 and S5 corresponding to torsion (w
x) and shear forces (wy,wz).
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We return to the analytical results obtained before for the torsion and the shear-bending of a cantilever
beam and, using the cross-sectional constants given in Table 1, we analyze in this section the numerical results
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(thin-walled) open-CS, respectively. These analyzes will concern the variations of the one-dimensional quan-
tities (displacements and internal forces) along the cantilever beam and also the stresses, in particular close to
the embedded section S0.
For each loading, the results of theNUW-BT and the simpliﬁed-NUW-BTwill be compared. The comparison
will concern only the extreme values of the one-dimensional quantities. We deﬁne for that the error in % on an
extreme value a by eðaÞ ¼ jeaaa j  100, where ea corresponds to the simpliﬁed theory. For the torsion awill be one
of fhxðLÞ; gxðLÞ;Mxwð0Þ;Msð0Þg and for the shear-bending a will be one of fvyðLÞ; gyðLÞ;Mywð0Þ; T ysð0Þg.
For the stresses, the results will be compared with 3D-FEM computation of the cantilever beams. The com-
parison will concern the axial stress rxx and the shear s obtained in the embedded section S0, and the variation
of the shear along the span, for particular important points of the cross-section (speciﬁed in Fig. 5). It is
expected that, starting from S0, shear solution will come nearer to that of Saint Venant. So, it will be useful
to give, for each cross-section and loading, the distributions over the section of the Saint Venant shear. (Æ)3D
will denote a quantity obtained by the 3D-FEM computation, (Æ)1D a quantity obtained by the present NUW-
BT, and (Æ)sv a quantity corresponding to Saint Venant solution (computed with SECOPE).
It should be noted that the numerical 3D-FEM results on the stresses have to be considered more qualita-
tively than quantitatively when they concern the embedded section S0 or for singular regions of the section;
nevertheless, these numerical 3D-FEM results will be given and compared with the NUW-BT ones. Besides,
the distribution mode of the traction H acting on the end section SL having a local eﬀect on the results, the
comparison will not concern the local region close to SL.
4.3.1. Torsion
The beam is subjected to a unit tip torque (C = 1), and the aspect ratio Lh is chosen to be equal to 10.
4.3.1.1. One-dimensional quantities. The four diagrams (I), (II) (III) and (IV) of Fig. 6 depict, for the three
cross-sections, the distributions along the beam axis of the normalized one-dimensional quantities hx=h
sv
L ,
gx=gxðLÞ, Mxw=Mxwð0Þ and Mxs=Mxsð0Þ, respectively. The rotation hx is normalized by the Saint Venant rotation
of the end section hsvL ¼ CLGJ. The diagrams (I) and (II) of Fig. 7 depict, for diﬀerent values of aspect ratio
L=h ¼ ð2:5; 5; 7:5; 10Þ, the variations of hxhsvL for the solid-CS (S1) and the open-CS (S3), respectively.
Except the region very close to the built-in section, the structural behaviors of solid-CS (S1) and closed-CS
(S2) are similar with that of Saint Venant solution: M
x
w ¼ Mxs ¼ 0; gx ¼ constant and hxðLÞ  hsvL . However, for
an open-CS (S3), warping eﬀect extends from the built-in section to the end of the beam. This eﬀect, contrary
to the other cross-sections, increases with respect to the ratio hL.
Table 2 compares, for the three cross-sections and for two lengths L = (2.5h, 10h), the results of the NUW-
BT and the simpliﬁed-NUW-BT obtained for the extreme values of the quantities hx; gx;M
x
w and M
x
s .
This table show that the simpliﬁed theory is quite satisfying for the open-CS (S3). For the other cross-sec-
tions, the errors on hx and gx are acceptable, but those on the internal forces M
x
w and M
x
s are quite high, which
may lead to very bad estimation of the corresponding stresses.
4.3.1.2. Axial stress. Table 3 compares 3D-FEM and NUW-BT results on the extreme values of the axial stress
in the embedded section (S0), and Fig. 8 depicts, for each cross-section, the shape distribution over S0 of the
axial stresses computed by 3D-FEM.A
B
G
t
A
B
A
B
Fig. 5. Particular points of the cross-sections S1, S2 and S3.
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Table 2
Comparison between NUW-BT and simpliﬁed-NUW-BT for L = (2.5h, 10h)
Sections S1 S2 S3
Lengths 2.5h  10h 2.5h  10h 2.5h  10h
e(hx(L)) % 2.039  0.494 1.605  0.393 1.182  0.083
e(gx(L)) % 0.003  0.000 0.000  0.000 0.361  0.036
eðMxwð0ÞÞ % 48.886  48.886 56.067  56.067 0.403  0.264
eðMxsð0ÞÞ % 121.657  121.657 143.570  143.570 0.527  0.527
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Table 3
Comparison between 3D-FEM and NUW-BT results on the extreme values of the axial stresses in the embedded section
r3Dxx ðh2Þ r1Dxx ðh2Þ j r
1D
xx r3Dxx
r3Dxx
j  100
S1 29.104 20.690 28.91
S2 34.714 43.702 25.89
S3 1499.8 1234.0 15.10
S1 S2 S3
To
rs
io
n
Fig. 8. Distributions of the axial stresses on the embedded section obtained by 3D-FEM.
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shapes of the axial stress distributions on S0 are very similar to those of the torsional Saint Venant warping
function (wx) depicted in Fig. 4. This backs up, for the torsion, the choice of the Saint Venant function in the
warping modelling for the displacement.
4.3.1.3. Shear. Fig. 9 depicts, for each cross-section and by columns (a–d):
a- the shear distribution jsj3D on the embedded section S0, indicating the values of the shear for two impor-
tant points A and B of the section (see Fig. 5),
b- the shear distribution jsj1D on the embedded section S0 (given by Eq. (23)), indicating the values of the
shear for the same points A and B,
c- the variations, starting from S0, of the shears jsj3D and jsj1D normalized by jsjsv for the particular point
A where jsjsv is maximum.
d- the Saint Venant shear distribution jsjsv, indicating the values of the shear for the same points A and B.
For the solid-CS (S1) and the closed-CS (S2), the shear distributions on the built-in section, are just a little
diﬀerent of that of Saint Venant and, going away from this critical section, these distributions come rapidly
nearer to that of Saint Venant. Furthermore, in the built-in section, the extreme values of the shear jsj are
lower than those of Saint Venant jsjsv, and of the same order of magnitude with those of the axial stresses
due to the restrained warping (see Table 3).
In contrast to S1 and S2, for the open-CS (S3), the shear distribution in the built-in section is really diﬀerent
from that of Saint Venant and the magnitude order of the extreme value of the shear is negligible compared
with that of Saint Venant. Going away from this critical section, the shear come slowly (all along the span)
nearer to that of Saint Venant. More important, in the critical section, compared to the axial stress due to
the restrained warping (see Table 3), the shear is negligible.
4.3.1.4. Conclusion on torsion results. The above results allow to conclude that the torsional behaviors of the
solid-CS and the closed-CS are similar. For the twisting angle, SV-BT is suﬃciently precise even if the ratio Lh is
relatively small. However, for the stress predictions close to the critical section, the restrained warping must be
taken into account. For that, NUW-BT can be used and Table 2 indicates that the simpliﬁed version of the
NUW-BT is not applicable.
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Fig. 9. Shear variations on the embedded section and along the span for particular point of the section.
5944 R. El Fatmi / International Journal of Solids and Structures 44 (2007) 5930–5952In contrast, for an open-CS, SV-BT is no longer suﬃcient, it is necessary to take into account the non-uni-
formity of the warping for both structural behavior and stress predictions. However, simpliﬁed-NUW-BT can
be applied with success.
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The beam is subjected to a unit tip transversal force (P = 1), and the aspect ratio Lh is chosen to be equal to
2.5.4.3.2.1. One-dimensional quantities. The four diagrams (I), (II), (III) and (IV) of Fig. 10 depict, for the three
cross-sections, the distributions along the beam axis of the normalized one-dimensional quantities vy=vBL ,
gy=gyðLÞ, Myw=Mywð0Þ and T ys=T ysð0Þ, respectively. The transversal displacement vy is normalized by the Ber-
noulli-BT deﬂection of the end section vBL ¼ PL3=3EIz. The diagrams (I) and (II) of Fig. 11 depict, for diﬀerent0
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respectively.
The structural behaviors of the three kinds of cross-section are similar, even if the case of the solid-CS (S1)
is a little diﬀerent. The warpings eﬀects remain very localized close to the embedded section.
For an aspect ratio L=h higher than 10, the deﬂection can be evaluated by Bernoulli-BT, i.e. vBL . For a
shorter beam, shear eﬀect must be taken into account; however, it should be noted that the deﬂection (Eq.
(38)) can be evaluated with that of SV-BT since vsvL represents 99% of the total deﬂection vy(L).
Table 4 compares, for the three cross-sections and for two lengths L = (2.5h, 10h), the results of the NUW-
BT and the simpliﬁed-NUW-BT obtained for the extreme values of the quantities vy ; gy ;M
y
w and T
y
s . For the
three kinds of cross-section, the errors on vy and gy are negligible, but not acceptable for the internal forcesM
y
w
and T ys ; particularly, for the solid-CS (S1).
4.3.2.2. Axial stress. Fig. 12 depicts, for each cross-section, the distribution on the embedded section S0 of the
axial stresses ðr3Dxx Þw (due to the restrained warping) computed by 3D-FEM; ðr3Dxx Þw is obtained by subtracting,
from the total axial stress r3Dxx , the value of the Saint Venant ﬂexural axial stress r
sv
xx (Eq. (12)). As expected, the
shape distributions of the axial stresses on S0 are very similar to those of Saint Venant warping functions cor-
responding to the shear forces (wy) depicted in Fig. 4. This backs up, for the shear-bending, le choice of the
Saint Venant function in the warping modelling for the displacement.
Table 5 compares 3D-FEM and NUW-BT results on the extreme values of the axial stresses in the embed-
ded section. The results indicate that, for a short beam (L = 2.5h), axial stresses rwxx due to (the restrained)
warping becomes important and may reach 50% of the axial stresses rsvxx due to ﬂexure.
4.3.2.3. Shear. Fig. 13 depicts, for each cross-section and by columns (a–d):
a- the jsj3D shear distribution in the embedded section S0, indicating the values of the shear for a particular
point A (or G) of the cross-section (see Fig. 5),
b- the value of the jsj1D shear in the embedded section S0 which is constant and given by (Eq. (37)),
c- the variations, starting from S0, of the shears jsj3D and jsj1D normalized by jsjsv for the particular point
A (or G) where jsjsv is maximum,Table 4
Comparison between NUW-BT and the simpliﬁed-NUW-BT for L = (2.5h, 10h)
Sections S1 S2 S3
Lengths 2.5h  10h 2.5h  10h 2.5h  10h
e(vy(L)) % 0.002  0.000 0.000  0.000 0.000  0.000
e(gy(L)) % 0.000  0.000 0.000  0.000 0.000  0.000
eðMywð0ÞÞ % 144.953  144.953 65.764  65.764 38.991  38.991
eðT ys ð0ÞÞ % 500.024  500.024 174.778  174.778 93.184  93.184
S1 S2 S3
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r-
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g
Fig. 12. Distribution on the embedded section of the axial stresses ðr3Dxx Þw (due to the restrained warping) computed by 3D-FEM.
Table 5
Comparison between 3D-FEM and NUW-BT results on the extreme values of the axial stresses in the embedded section
3D-FEM r3Dxx ðh2Þ rsvxxðh2Þ ðr3Dxx Þwðh2Þ ðr
3D
xx Þw
rsvxx
 100
S1 34.306 30.000 4.306 14.35
S2 92.460 71.977 20.483 28.46
S3 122.720 87.234 35.486 40.68
NUW-BT r1Dxx ðh2Þ rsvxxðh2Þ ðr1Dxx Þwðh2Þ ðr
1D
xx Þw
rsvxx
 100
S1 33.346 30.000 3.346 11.15
S2 97.218 71.977 25.240 35.07
S3 135.909 87.234 48.675 55.77
j r1Dxx r3Dxxr3Dxx j  100
S1 2.80
S2 5.15
S3 10.75
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the cross-section.
We observe that, for the three kinds of cross-sections, the shear distributions on the embedded section are
similar to that of Saint Venant but with a lower extreme value. More important is that, on this critical section,
the extreme values of the shear are lower than the axial stresses due to the restrained warping (see Table 5).
4.3.2.4. Conclusion on shear-bending results. For the shear-bending, the structural behaviors of the three kinds
of cross-section are similar, and the eﬀect of the non-uniformity of the warping is very localized close to the
critical section. The evaluation of the deﬂection can be done with SV-BT, and do not need a non-uniform
warping theory. However, for a short beam and close to the critical section (as an embedded one), the stress
prediction (especially the axial stress) must take into account the eﬀect of the restrained warping, and use a
non-uniform warping theory. In that case, Table 4 indicates that the simpliﬁed version of the NUW-BT is
not applicable.4.4. Torsion of a mono-symmetrical cross-section
We consider herein the particular case studied by Kim and Kim (2005): the cantilever beam (Fig. 2a) of
length L = 18 m, made of the channel-cross-section depicted in Fig. 14, is subjected to an end torque
C = 1 kNm. The elastic characteristics are E = 30 MPa and G = 13 MPa.
Kim-BT, written for open/closed thin-walled cross-section, is built on a mixed approach using the Hellin-
ger–Reissner principle. This approach considers a kinematic model similar to that of NUW-BT, but where
only the torsional warping function is considered, and introduces (thin-walled) Vlasov assumptions for the
shear. Kim-BT shows a torsional–ﬂexural coupling for a non-symmetrical cross-section due to the non-unifor-
mity of the warping. For this torsion, a lateral displacement vz has been computed. We shall herein study the
same example with the present NUW-BT and compare the results.
For this channel cross-section, the cross-sectional constants computed by SECOPE are speciﬁed in Fig. 14.
The governing equations corresponding to this equilibrium is given by Eq. (16). The solution will be computed
by one-dimensional ﬁnite elements method. For this particular case hy = 0 and the potential energy to mini-
mize is the functional Wp of (vz,hx,gx,gz):W pðvz; hx; gx; gzÞ ¼
1
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Fig. 13. Shear variations on the section and along the span for a particular point of the cross-section.
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Table 6
Twisting angle hx (rad · 103) and lateral displacement vz (m · 104) at diﬀerent lengths of the beam
x (m) 6 12 18
SV-BT hx 14.443 28.887 43.330
Vlasov-BT hx 0.617 2.144 4.119
Kim-BT hx 0.669 2.233 4.236
vz 0.762 1.475 2.163
NUW-BT hx 0.648 2.203 4.203
vz 0.835 1.615 2.369
R. El Fatmi / International Journal of Solids and Structures 44 (2007) 5930–5952 5949and the boundary conditions are vz(0) = hx(0) = gx(0) = gz(0) = 0. For the beam ﬁnite elements, cubic (Her-
mit-type) interpolation (shape) functions are used to approximate each of vz, hx, gx and gz, and three elements
are used to discretize the beam. The results for hx and vz are presented in Table 6. The NUW-BT-results are
compared with those of Kim-BT, Vlasov-BT (classical non-uniform torsion of open-cross-section) and SV-BT
(which corresponds to a uniform warping).
For hx, the results are similar for the three theories (Vlasov-BT, Kim-BT, NUW-BT) and the twisting angle
at the free end of the beam hx(L) for non-uniform theories is 90% lower than for uniform theory. This result
brings on justiﬁcation for the classical Vlasov theory for open thin-walled cross-section to compute the
twisting behavior, even if the cross-section is non-symmetric. The transversal displacement due to the
ﬂexural–torsional coupling computed by the present theory and that of Kim and Kim are very close.4.4.1. Comments
Both Kim-BT and NUW-BT ﬁnd out a torsional–ﬂexural coupling related to the non-symmetry of the
cross-section but with diﬀerent approaches. Kim-BT is built on a mixed approach (kinematic and static
assumptions) and is written for thin-walled open/closed cross-sections, whereas NUW-BT is based on a fully
kinematic approach and is supposed to be valid for any cross-section.5. Conclusion
In this part-II, NUW-BT has been applied to analyze torsion and shear-bending of cantilever beams made
of diﬀerent kinds of cross-section. NUW-BT and simpliﬁed-NUW-BT results for the one-dimensional behav-
ior have been compared and axial and shear stresses deduced from the NUW-BT or computed by 3D-FEM
have been analyzed, in particular for the critical section of the beam where the warping is restrained. Even if
the applications are restrained to a cantilever beam, they show the general character of this non-uniform
beam-theory and its ability to describe the warping eﬀects if compared with classical beam theories. It can
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Fig. 15. Diﬀerent loadings and boundary conditions.
5950 R. El Fatmi / International Journal of Solids and Structures 44 (2007) 5930–5952be drawn from all this set of results some indications that can help to decide when the simpliﬁed theories may
be applied, and hence when the warping parameters may be reduced:
• For the torsion, solid-CS and (thin-walled)-closed-CS behaviors are very similar. For the twisting angle,
SV-BT is suﬃciently precise even if the aspect ratio Lh is relatively small. However, close to the critical section
(as an embedded one), since shear and axial stress (due to the restrained warping) become of the same order of
magnitude, the stress prediction with a beam theory must take into account non-uniform warping. In that
case, it should be noted that the simpliﬁed version of the NUW-BT is not applicable.
In contrast, for (thin-walled)-open-CS, the mechanical behavior is strongly inﬂuenced by the non-unifor-
mity of the warping and SV-BT is no longer suﬃcient. However, for both structural behavior and stress pre-
diction, the simpliﬁed1 version of the NUW-BT may be applied with success.
• For the shear-bending and for any kind of cross-sections, the evaluation of the deﬂection can be done with
SV-BT, even if the aspect ratio Lh is relatively small. However, for a short beam, close to the critical section (as
an embedded one), axial stress due to warping cannot be neglected and stress prediction must take into
account the eﬀect of the restrained warping using a non-uniform warping theory. In that case, it must be noted
that the simpliﬁed version of the NUW-BT is not satisfying.
Appendix A. Diﬀerent cases of loadings and boundary conditions
The length of the beams is 2l, the cross-sections are supposed bi-symmetric and the extremities are embed-
ded or simply supported Fig. 15. The loadings are : (a) a torque C, (b) a distributed torque l, (c–e) a tansversal
force F and (d–f) a distributed transversal force p. For each case, the equations (equilibrium, behavior) and the
boundary conditions are speciﬁed, and the analytical solutions2 are given. In each case, the Saint Venant part
of the solution (hsvx ðxÞ for torsion and vsvy ðxÞ for shear-bending) is speciﬁed. In the results, sh(.) and ch(.) denote
sinh(x) and cosh(.), and in the boundary conditions [(.)] denotes the discontinuity of the quantity (.).
A.1. Torsion
0 x 0 x1 If t
to the
2 ThEquilibrium : Mx þ l ¼ 0; Mw Ms ¼ 0
Behavior : Mxw ¼ EIxxw g0x; Mx ¼ GIxvx  GðIx  JÞgx; Mxs ¼ GðIx  JÞðvx  gxÞ
• Case (a): loading C, boundary conditions
x ¼ l hx ¼ gx ¼ 0
x ¼ 0 ½hx ¼ ½gx ¼ ½Mxw ¼ 0; ½Mx ¼ C:

svhx ¼ C ðl xÞ
2GJ
zﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄ{hx
þC ðchðKðlxÞÞþshðKðlxÞÞchðKxÞshðKxÞ1þchðKlÞþshðKlÞÞðJIxÞ
2IxKGJðchðKlÞþshðKlÞþ1Þ
gx ¼ C ðchðKðlxÞÞþshðKðlxÞÞþchðKxÞþshðKxÞchðKlÞshðKlÞ1Þ2GJðchðKlÞþshðKlÞþ1Þhe torsional warping function is approximated with the sectorial area (which is quite acceptable), the simpliﬁed version corresponds
classical Vlasov non-uniform torsion for open proﬁles.
ese solutions may be obtained using a formal computations soft.
R. El Fatmi / International Journal of Solids and Structures 44 (2007) 5930–5952 5951• Case (b): loading l, boundary conditions x = ± l: hx = gx = 0hx ¼ l ðl xÞðlþ xÞ
2GJ
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{hsvx
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GJKIxð1ðchðKlÞÞ2þchðKlÞshðKlÞÞ
gx ¼ l ðlshðKxÞchðKlÞþlshðKxÞshðKlÞþxxðchðKlÞÞ
2þxchðKlÞshðKlÞÞl
JGð1þðchðKlÞÞ2chðKlÞshðKlÞÞA.2. Shear-bending
0 0 y 0 yEquilibrium : T y  p ¼ 0; Mz þ T y ¼ 0; Mw  T s ¼ 0
Behavior : Mz ¼ EIzh0z; Myw ¼ EIyyw g0y ; T y ¼ GAcy  GðA AzÞgy ; T sy ¼ GðA AyÞðcy  gyÞ

• Case (c): loading F, boundary conditions

x ¼ l vy ¼ hz ¼ gy ¼ 0
x ¼ 0 ½vy  ¼ ½hz ¼ ½gy  ¼ ½Myw ¼ ½Mz ¼ 0; ½T y  ¼ F :
svvsvy ¼ F
ðL xÞ
2GSky
 F ð2xþ LÞðL xÞ
2
24EIz
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• Case (d): loading p and boundary conditions x = ± l: vy = hz = gy = 0vy ¼ p ðl xÞðlþ xÞ
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• Case (e): loading F, boundary conditions
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